Kramer-Mesner matrices have been used as a powerful tool to construct t-designs. In this paper we construct Kramer-Mesner matrices for xed values of k and t in which the entries are polynomials in n the number of vertices of the underlying graph. From this we obtain an elementary proof that with a few exceptions S 2] n is a maximal subgroup of S ( n 2 ) or A ( n 2 ) . We also show that there are only nitely many graphical incomplete t-(v; k; ) designs for xed values of 2 t and k at least in the cases k = t + 1, t = 2, and 2 t < k 6. All graphical t-designs are determined by the program DISCRETA for various small parameters. Most parameter sets are new for graphical designs, some also for general simple t-designs. The largest value of t for which graphical designs were found is t = 5. Some of the smaller designs which are block transitive are drawn as graphs.
Introduction
Consider the action of the symmetric group S n on the set V = X 2 where X = f1; 2; ; ng: This de nes an embedding of S n into S ( n 2 ) with image group S 2] n . Any subset K of V can be considered as a labelled graph with edge set has been reported by Y. M. Chee 8] .
Starting from Alltop's approach 1] we show how polynomial Kramer-Mesner matrices can be obtained. We use our program DISCRETA to construct such matrices for smaller cases. The graphical designs obtained for 2-(v; 3; ) and 3-(v; 4; ) are used in an elementary way to determine all overgroups of S 2] n in S ( n 2 ) following Klin 14, 15] . Nowadays this result can also be obtained from the classi cation of nite simple groups 20] .
From the polynomial Kramer-Mesner matrices we obtain some results on graphical designs for in nitely many parameter sets. It was known that there exist only nitely many graphical designs with parameter sets of type 2-(v; 3; ); 2-(v; 4; ); 3-(v; 4; ); and none for 4-(v; 5; ), 8] , 6]. We show that there is also no graphical 5-(v; 6; ) design and, more generally, for each k there exist only nitely many graphical t-(v; k; ) designs in each of the following cases: k = t + 1; t = 2, 2 t < k 6: The proof leads to conjecture that such a niteness result might hold for all xed pairs (t; k): Then, there would exist only sporadic graphical designs for these parameters. We thus determine many such sporadic designs and, surprisingly, nd examples even for t = 5. The results are reported in two tables in Section 6.
Preliminaries
If X is any nite set and k a natural number then X k = fK j K X; jKj = kg; X k = f(x 1 ; x 2 ; : : : ; x k ) j x i 2 X for all ig:
A tuple (x 1 ; x 2 ; : : : ; x k ) 2 X k is injective if all components are pairwise di erent. We denote X k inj = f(x 1 ; x 2 ; : : : ; x k ) j (x 1 ; x 2 ; : : : ; x k ) injective tuple from X k g: Let G be a group acting on X. In particular, there is always the full symmetric group S(X) on X. We denote the image of x 2 X under g 2 G by x g . Then G also acts on X k by K g = fx g j x 2 Kg for K 2 X k , and on X k by (x 1 ; x 2 ; : : : ; x k ) g = (x g 1 ; x g 2 ; : : : ; x g k ) for (x 1 ; x 2 ; : : : ; x k ) 2 X k . We denote by G 2] the permutation group induced by G on X 2 . Especially we will use this for G = S n , the symmetric group on f1; 2; : : : ; ng. A n is the alternating group on f1; 2; : : : ; ng.
The set X k inj is closed under G, since each g 2 G acts as a bijective function on X. Therefore we have a mapping ' : X k inj ?! X k : (x 1 ; x 2 ; : : : ; x k ) 7 ! fx 1 ; x 2 ; : : : ; x k g which commutes with the action of G. We denote by k () -orbits and k fg -orbits the respective orbits of G on X k inj and X k . Usually k fg -orbits are also denoted as k-orbits. We will follow this convention when no misunderstanding is likely.
A k () -orbit of injective k-tuples is totally symmetric, if with each (x 1 ; x 2 ; : : : ; x k ) 2 also each (x 1 ; x 2 ; : : : ; x k ) 2 for each permutation of the k components. Thus, for a totally symmetric k () -orbit we have j j = k! j'( )j.
For a K 2 X k the setwise stabilizer of K in G is N G (K) = fg j g 2 G; for all x 2 K x g 2 Kg:
It is clear that N Sn (K) = Aut(?); where Aut(?) is the automorphism group of a graph ? = (X; K): We also call this the normalizer of K in G. Then the pointwise stabilizer of K in G is C G (K) = fg j g 2 G; for all x 2 K x g = xg:
We also call this the centralizer of K in G. The Remark: Do not mix the notation of an exactly k () -transitive permutation group with that of a sharply k () -transitive permutation group (the latter is de ned, e. g., in 10], p.210).
For t 2 a simple t-(v; k; ) design D de ned on a set V with jV j = v is a set of blocks B V k such that each T 2 V t is contained in exactly blocks of D. The maximal value of is v?t k?t . A design with this value of is called the complete design, otherwise it is an incomplete design. The trivial design consists of no blocks. If is just half of the maximal value, the design is called a halving of the complete design. Generally, the k-subsets not in a design D also form a design, called the complementary design D of D.
For the rest of the paper we denote X = f1; 2; : : : ; ng for some n 2 N, and V = X 2 . A subset E V is considered as the set of edges of an undirected graph with vertex set X. A graphical t-(v; k; ) design D is a simple t-(v; k; ) design admitting S 2] n as a group of automorphisms.
Polynomial Kramer-Mesner matrices
A group A of automorphisms of a design D, or more exactly a subgroup A of the automorphism group of a t-(v; k; ) design D acting on the point set V has orbits on the set of blocks of the design. Thus, the design is a collection of A-orbits on V k . If a t-subset T is contained in m(T; K A ) elements of the orbit K A of K 2 V k then also each T a for a 2 A is contained in the same number of elements of that orbit. For a collection of A-orbits on V k one only has to test for a set of representatives of the t-orbits if they appear in exactly elements of the selected orbits. This observation has been formalized by Kramer and Mesner 17] .
Theorem 1 (Kramer, Mesner 1976 where the T i and the K j run through a system of representatives of the t-orbits and k-orbits of A, respectively.
If only one k-orbit already forms a design, i.e. u has only one nonzero entry, the design is called block-transitive. In this paper we consider the case of A = S 2] n where V = X 2 for X = f1; 2; : : :; ng. These designs are graphical, since they can be visualized by graphs. We give an example of a block-transitive graphical 2-(10,4,2) design, which is taken from 9].
Each pair of edges of the complete labelled graph on 5 vertices appears exactly twice in the following 15-element set of graphs with 4 vertices. Under the action of S 2] 5 on the set of labelled graphs on 5 vertices the shown graphs form one orbit. This is therefore just an isomorphism class of graphs which can be represented by an unlabelled graph. Instead of computing a Kramer-Mesner matrix for each ( n 2 ; k; t) we now introduce Kramer-Mesner matrices whose entries are polynomials in n. So for each k and t we have only one matrix covering all in nitely many n 2k.
The basic tool goes back to Alltop (1966 n . Thus, g is an automorphism of D 1 and D 1 = D 2 . This argument is just a special case of a theorem in Schmalz 22 ], see also Laue 19] .
The proof of Theorem 4 is reduced to an existence problem of graphical tdesigns using the following general observation.
Lemma 9 Let G be a permutation group of a set X with a totally symmetric k () -orbit for some k 2. Suppose that G < A < S(X) and that A is exactly PROOF. By assumption we have a totally symmetric k () -orbit = (x 1 ; x 2 ; : : : ; x k ) G . Then the k () -orbit (x 1 ; x 2 ; : : : ; x k ) A will also be totally symmetric, since N G (fx 1 ; x 2 ; : : : ; x k g)=C G (fx 1 ; x 2 ; : : : ; x k g) is embedded into N A (fx 1 ; x 2 ; : : : ; x k g)=C A (fx 1 ; x 2 ; : : : ; x k g) and thus both factor groups are isomorphic to S k . We also know that A is not k () -transitive. So there exists a k-tuple (y 1 ; y 2 ; : : : ; y k ) 6 2 (x 1 ; x 2 ; : : : ; x k ) A . We will show that then also fy 1 ; y 2 ; : : : ; y k g 6 2 fx 1 ; x 2 ; : : : ; x k g A . Otherwise for some a 2 A we would have fy 1 ; y 2 ; : : : ; y k g a = fx 1 ; x 2 ; : : : ; x k g and (x 1 ; x 2 ; : : : ; x k ) could be mapped by permuting the components onto (y a 1 ; y a 2 ; : : : ; y a k ). But such a permutation is already contained in N A (fx 1 ; x 2 ; : : : ; x k g) such that (x 1 ; x 2 ; : : : ; x k ) and (y 1 ; y 2 ; : : : ; y k ) would be in the same orbit of A. This contradicts to our selection of (y 1 ; y 2 ; : : : ; y k ). n .
So we can take S 2] n as the group G in Lemma 9. For n > 4 also S 2] n has two 2 () -orbits besides the diagonal and is the full automorphism group of the graphs representing these 2 () -orbits by the Whitney-Jung theorem, see 23, 13, 12] . Therefore, each overgroup A of S 2] n in S ( n 2 ) has to fuse these orbits. Each overgroup A thus is 2 () -transitive. If A is not 3 () -transitive then by Lemma 9 A must be an automorphism group of an incomplete graphical 2-( n 2 ; 3; ) design. By Theorem 6 such a design does not exist if n is not equal to 5, 6, 8, 11. For n = 11 there exist 2-( n 2 ; 3; ) designs. But these have S 2] n as their full automorphism group. Thus, also in this case A cannot exist.
So A must be 3 () -transitive. Assume that A is not 4 () -transitive. Then again by the lemma we must nd an incomplete graphical 3-( n 2 ; 4; ) design. From Theorem 6 we see that for n = 7 and n > 9 such an overgroup A does not exist.
So we are left with the case of S 2] n < A < S ( n 2 ) and A 4 () -transitive, where the Bochert-Manning theorem 24] yields n 7. So only n = 7 remains which can be handled directly. 2
For the proof of Theorem 6 the polynomial Kramer-Mesner matrices are used. In the cases when there is no proper overgroup a consideration of some intersection numbers of the designs shows that di erent orbits of S 2] can not be merged into one orbit of a suitable overgroup. In other cases DISCRETA at least shows that the overgroups are groups of automorphisms of these tdesigns. It again has to be shown like before that they are full automorphism groups. The transitivity results follow from Lemma 9.
Finiteness theorems for graphical designs
The polynomial Kramer-Mesner matrix can be analysed to deduce nonexistence results for in nitely many parameter sets of graphical designs.
Theorem 10 There exist only nitely many graphical nontrivial incomplete t-(v; k; ) designs for any xed pair (t; k) in each of the following cases: k = t + 1; t = 2, 2 t < k 6: PROOF. The cases 2-(v; 3; ); 2-(v; 4; ); 3-(v; 4; ); 4-(v; 5; ) are reported in 8]. We thus concentrate on the remaining cases.
In the proof of this theorem we always consider the matrix in its transposed version, due to the printing format. That makes it easier to compare the steps of the proof with the polynomial Kramer-Mesner matrices displayed in the tables of the appendix. We always refer to the corresponding tables in our proof. The columns are indexed by the t-set orbits and the rows are indexed by the k-set orbits. A graphical t-(v; k; ) design corresponds to a selection of rows such that in each column the sum over the entries of the selected rows is exactly : We thus refer to these rows as forming the designs and compose the design out of selected rows. For any such design D all rows which do not belong to D also form a design, the complementary design D. This is clear, since the total sum in each column is v?t k?t . We thus may assume without loss of generality that one selected row belongs to D:
For t = 3 and k = 5 we obtain a 26 5 matrix, see Table 5 . Let D be a graphical 3-(v; 5; ) design, corresponding to some rows of the matrix. So, for some xed value of n the entries in each column from those rows sum up to the same value of . We claim that for a big enough number of points n such a common sum value is possible only if either D or D is the complete design. To see this we rst notice that each column contains exactly one entry which is a polynomial of degree 4 in n: A polynomial of degree 4 grows faster than the sum of all polynomials of degree 4?1 or less of any other column. Assume that a row with a polynomial entry of degree 4 belongs to D: Let n be big enough such that the same sum can only be obtained from selected entries in every column if also in each column the polynomial of degree 4 contributes to this sum. Thus, all rows containing an entry of degree 4 have to belong to D: Then the last column has only entries of degree 2 or less not yet in rows of design D: Now we in turn consider the design D. This design has a value of which must be a sum of these remaining entries of degree 2 or less in the last column. So, also in each other column this value of for D for large enough n must not come from any polynomial of a degree higher than 2. Thus all rows containing any polynomial of degree higher than 2 have to belong to D. Assigning these rows to D then results in row candidates for D which have constant entries in the last column. Repeating our argument assigns all rows with non constant entries to D such that D has to be the complete design.
The same arguments can be applied in the cases k = 6; t = 3; Table 7 , and k = 6; t = 4; Table 8 . Also here each polynomial of maximal degree appears just once in each column. As before we may assume that the corresponding rows belong to the design D. After eliminating all rows which contain an entry of maximal degree, in the remaining matrix each entry in the last column is a polynomial of a degree less than the maximal degree in its row. So, recursively, we have to assign each row to D if n is large enough. The assumed design is therefore the complete design.
Next consider the case t = 2; see Table 1 to Table 4 . We have a xed k but may choose the number of points n as large as needed. There are only two columns to be considered. By Alltop's Lemma a matrix entry is 0 if and only if the t-subset is not contained in any k-subset of the considered k-orbit. If the graph consisting of two incident edges and isolated points cannot be embedded in a graph with k edges then the k edges are pairwise non-incident. The isomorphism type of this graph is thus uniquely determined and we have just one 0 entry in the rst column, located in the last row, say. So, with only one exception, whenever the other graph with two edges can be embedded into a k-edge graph, also this graph is embeddable.
The graph consisting of two non-incident edges has one isolated point less than the graph consisting of two incident edges. Therefore, by Alltop's Lemma, for each k-graph, i.e. graph with exactly k edges, the polynomial entries of the general Kramer-Mesner matrix in the corresponding row have degrees di ering by 1 unless an entry is 0. Thus, for each row the entry in the rst column either has a degree strictly greater than the degree in the second column unless the entry in the rst column is 0. Since the sum of all polynomials in both columns must be the same, this last row must contain the only entry of maximal degree in the second column. Now assume a graphical 2-(v; k; ) design D containing the graph of the last row. We argue as above that for large enough n the design D must contain all graphs of the other rows with a polynomial entry of this degree. By our observation that the second column always has an entry of a degree 1 less than the rst column with the only exeption of 0-polynomials, we obtain that all entries of second maximal degree in the second column belong to rows which are assigned to D: Thus all rows with an entry of that degree must also belong to D: We can now proceed by induction to see that D must be the complete design.
The case k = t + 1 is quite similar to the above, compare Table 6 . We assume that k > 4; since the smaller cases are already known. The graph I(t), consisting of t pairwise non intersecting edges, is contained only in such graphs with t + 1 edges that result from adding one edge (in the examples this graph always corresponds to the last column). The new edge may again be isolated, or intersect just one edge, or intersect exactly two edges. So, the polynomial Kramer-Mesner matrix contains non-zero entries in the column of I(t) only in the rows of these three graphs with t + 1 edges. Because t + 1 > 3 each of these graphs has an isolated edge.
Let us look at the entries of the matrix in this column in the corresponding 3 rows. By Alltop's Lemma the degree of the polynomials is just the di erence between the sizes of the supports of the graphs considered. So, in the case of an additional isolated edge the support grows by two points such that we get a polynomial of degree 2. If the new edge intersects only one existing edge just one point is added and if the new edge intersects two edges no point is added. So we get a linear polynomial and a constant entry in these cases, respectively.
Both of the last two rows also contain an entry of degree 2 in other columns. The graphs of these columns are easily obtained by removing an isolated edge from the graph on t + 1 edges considered. We assume a graphical design D containing the graph corresponding to the entry of degree 2 in the last column. For large enough n all rows with an entry of degree 2 correspond to D: So, then all rows belong to D which have a non-zero entry in the last column. Then D must be the trivial design and D is the complete design. 2
We conjecture that indeed the stronger result than niteness holds for the rst case of the theorem, i. e. for 4 t no graphical t-(v; t + 1; ) designs exist. This is known to hold for t = 4 8], 6], and we add the case t = 5 here.
Theorem 11 There exists no incomplete graphical 5-(v; 6; ) design.
PROOF. We refer to the polynomial Kramer-Mesner matrix of which the rst 7 columns are displayed in Table 6 in the appendix, see further comments in Section 7. As in the preceding proof we start with the observation that the last column 26 has only three entries not zero, namely 1=2(n ? 10)(n ? 11); 10(n ? 10); 40:
An incomplete design D must not contain all graphs corresponding to the rows with these entries. Since either D or D contains the graph of the row with entry 1=2(n ? 10)(n ? 11), we assume w. l. o. g. that D does not contain this graph. So, has the form = a40 + b10(n ? 10); where a; b 2 f0; 1g and not both values are 0. We have to consider three cases for : In each case we rst examine the rst column. There results a linear combination of the non-zero entries which has to add up to the chosen value of in each case. Sp(6; 2) in S 28 . This group is transitive on 2-sets and thus has a Kramer-Mesner matrix consisting of only one row. Taking any single k-orbit then results in a block-transitive 2-design. Any combination of them gives another 2-design.
DISCRETA shows that this overgroup is admitted as an automorphism group of only a few t-designs with the listed parameters. These parameters are 2-(28; 5; ) where is a sum of the numbers 160; 200; 640; 800; 800, and 2-(28; 6; ) where is a sum of the numbers 40; 50, 80; 200, 480; 900, 1200, 2400, 2400, 7200, 2-(28; 7; ) where is a sum of the numbers 16; 420; 560, 672; 1120; 1120, 1680; 1680, 4032; 5760, 5040; 6720, 10080; 10080, 10080, and 2-(28; 8; ) where is a sum of the numbers 70; 448; 1120; 1120; : So, some of the graphical designs with k = 5 have the larger automorphism group Sp(6; 2): The number of isomorphism types could only be in doubt for 2-(28; 5; ) where 2 f160; 200g. There are actually 10 solutions for = 160 and 19 solutions for = 200: In both cases DISCRETA computed their intersection numbers and showed that the designs are pairwise non-isomorphic. For k 6 the number of isomorphism types in the table is unchanged if the automorphism group is actually larger than S 2] 8 : It is remarkable that for the small = 16 in case k = 7 the design turns out to be block-transitive under Sp(6; 2):
The situation is di erent for t 3, for then t-designs with automorphism group Sp(6; 2) have values of larger than those listed in our table of graphical designs. Therefore, for t 3 all graphical designs with these parameters have S 2] 8 as full automorphism group and are pairwise non-isomorphic.
We are pleased to acknowledge the anonymous referees for numerous helpful remarks and improvements. In the following tables n] i = n(n ? 1) : : : (n ? i + 1) are the falling factorials of n of length i; S = support, A S = automorphism group restricted to the support. In the case t = 5; k = 6 we have displayed only the rst 7 out of 26 columns and also only the rst 23 out of 68 rows, since the rst 7 columns have non-zero entries only in these rows. Our proof that no incomplete non-trivial graphical 5-(v; 6; ) design exists needs only this part of the matrix and one additional column, as described in the proof. 
